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ABSTRACT

In Finsler space we see special (o, ) —metrics, such as Randers metric, Kropina metric and Matsumoto metric.
etc. Locally dully at Finsler metrics arise from Information Geometry. Such metrics have special geometric properties and
will play an important role in Finsler geometry. In this paper, we are going to study a class of locally dually at Finsler
metrics which are defined as the sum of a Riemannian metric and 1-form. In this paper, we study the special (a, B) - metric

L satisfies L* (a, B) = 2 o +op + 2p %, where
p—
¢' are constants,a = /ai | (x)y'y/ is a Riemannian metric and p=b;y' is a di erential 1 form.
KEYWORDS: Finsler Space, (a, B) -Metric, Special (a, B) -Metric, Locally Dually Flat Metric, Flag Curvature
AMS Subject Classification (2010): 53C60, 53B40.
1. INTRODUCTION

Finsler spaces are the most natural generalization of Riemannian space, Finsler space is considered as space in

which the line element is a function of positive homogeneity, which was initiated by P. Finsler.

The concept of (o, f) -metric was introduced in 1972 by M. Matsumoto and studied by M. Hachiguchi (1975),
Y. Ichijyo (1975), S. Kikuchi (1979), C. Shibata (1984). The examples of the (a, B) -metric, are Randers metric, Kropina

metric and Matsumoto metric. Z. Shen extended the notion of dually atness [9] to Finsler metrics.
2. PRELIMINARIES
A Finsler metric on a manifold M is a C' function F: T M! [0; 1) satisfies the following properties:
Regularity: L is a C1 on TM;
Positively homogeneity: L (X, y) = L (x; y); for A> 0;
Strong convexity: The fundamental tensor g;i(x; y) is positive for all (x; y).
The geodesics of a Finsler space F* = (M™", L) are given by the differential equations:

dzxi+2(;i( dx)—o
dt? ) T

Where 2G'(x,y) = yji (6, )yl y* and yji k (%, y) are Christoffel symbols constructed from g;;(x,y) with

respect to xt.

A Finsler space F" is said to be of Douglas type if
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DY = G'(x,y)y’ — G/ (x,y)y" 2.1
Are homogeneous polynomials in (y*) of degree three.
Let hp(r) denote the homogeneous polynomial in y' of degree r.
We use the following definition in future.
Definition 2.1

The Finsler space F" is of Douglas type if and only if the Douglas tensor
h h 1 h h h h
Di' jx = Ci ik — (Gijry ™ + Gyi8x + Gj8i' + G 85)
n+1
Vanishes identically, whereG! k= 9, GP j is hu — curvaturetensor of the Berwald connection.

The covariant differentiation with respect to the Levi-Cavita connection { j l k}(x) of R™ is denoted by(|). We use

the symbols as follows:

1 1
iy =5 (buy + bye), sij = 5 (buyy + byye)

The functions G(x,y) of F™ with (@, 8) — metric are written in the form

26'={, : o + 2B
B! =“L—?53+C* [%y"—%‘:“(iyi—%bi)]. 2.2)

Where L, = dL/0a,Lg = L/0p, Lqq = OL/0ada, the subscript 0 means contraction by y' and we put

= apB(rooLa—2asolp)
N 2(B%Lg+ayiloq) ’

2 — K22 2 pi— i) 2 — 4ij
Where y“ = b*a”— B b' = a'b;j and b* = a" b;b;.

i
0 0
hp(3). From (1.2.1) and (1.2.2), we have

Since { } (x) are hp(2), F™ with (a, ) — metric is a Douglas space if and only if BY = Biy/ — B/y! are
.. al PR P ZLa’a’ N PR L.
BY = L (sby! = sgy') + 2407 (b'y! — bIyh) 23)
We use the following lemma.
Lemma 2.1

If a? = 0(modp), that is, aj (x)y'ylcontains b;y'as a factor, then the dimension n is equal to 2 and b? vanishes.

In this case, we have 1-form 8§ = d;(x)y' satisfying a®> = B8 and d;b' = 2.
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2
2.2. DOUGLAS SPACE WITH SPECIAL METRICL = a — %
In this section, we find the condition for a Finsler space F™ With a special (&, 8) — metric

L=a-£ 3.1)

a

To be a Douglas type. The derivatives of (3.1) are given by

La=1+i_z‘ Lﬁz_ﬁ' Laoc:_ﬁ 3.2
Substituting (3.2) in (2.3), we get
{a?(1 - 2b%) + 3%} {(a® + p)BY — a*(a — 2B)(sby’ — s({yi)} + a?{ryo(a® + B?) — 2a?sy(a —

2B)}(b'y’ —biy") =0 3.3)

Suppose that F™ is a Douglas space, that is, BY are ip (3). Separating rational and irrational terms of y* in (3.3),

then, we get the following two equations:
{a?(1 —2b%) + 3B%}{(a® + p)BY + 2a2B(sby’ — sé'y")} + a?{ryo(@® + B?) + 4Bsa?}(biy) — biyH) =0
3.4)
and
2soa*(bly’ — bly") + a?{a?(1 — 2b%) + 382}(sby’ — sly') = 0. (3.5)
Substituting (3.5) in (3.4), we have
{a?(1 = 2b%) +3B%}(a® + B*)BY + a’ryo(a? + B2 (b'y) — biyH) =0 (3.6)
Only the term 38*BY of (3.6) does not contain a?.
Hence, we must have /p (5), véi satisfying
38*BY = a?vy (3.7)
Now, we study the following two cases:
Case (i)
a? % 0(mod B)
In this case, (3.7) is reduced to BY = a?v¥ , where vV are hp(1). Thus, (3.6) gives
{a?(1 — 2b%) + 3%V + 1y9(biy) — biy}) =0 (3.8)
Transvecting this by b;y;, where y; = ajkyk , we have
a?{(1 — 2b)vYb;y; + b*roe} = B*(re0 — 3vYb;y;) (3.9)
Since a? # 0(mod ), then there exists a function h(x)satisfying

(1 - 2b2)v”b1y] + bzr()o = h(x)igz'
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Case (ii)

Therefore (3.7) is reduced to BY = § Wzij , where wzij are hp(2). Thus the equation (3.5) leads to

Too — 3V b;y; = h(x)a®.

Eliminating v/ b; y; from the above two equations, we obtain

(1 + b1y = h(x){(1 — 2b%)a? + 387}
From (3.10), we get

Where k = —h(x)/(1 + b?). Hence b; is a gradient vector.

Gayathri K

(3.10)

(3.11)

Conversely, if (3.11) holds, then s;; = 0 and we get (3.10). Therefore, (3.3) is written as follows:

BY = k{a?(b'y/ - bly'))

Which is ip (3), that is, F™ is a Douglas space.

a? = 0(mod B).

In this case, there exists 1-form &§ such that ? = §8, b? = 0 and by lemma 2.1, the dimension is two.

2508(b'y7 — biy") + (6 +3B)(sby’ — siy') = 0

Transvecting the above equation by y;b;, we have s, = 0. Substituting s, = 0 in the above equation, we have

sij = 0. Therefore, (3.6) reduces to

(8 + 38wy +700(b'y/ — bIy)) =0

Transvecting the above equation by b;y;, wec get

(& + 38wy biy; = 100B> = 0

Which is written as,

8w biy; = B(Broo = 3w, b))

Therefore, there exists an iip (2), 1 = ;; (x)y'y’ such that
wy by; = BA, Broo — 3wy by, = 81

Eliminating Wzij b;y; from the above equations, we get
Broo = A3 + 6)

Which implies there exists an /p (1). v, = v;(x)y"® such that
Too = V(3B +6), 1 =y

From 7y given by (3.13) and s;; = 0, we get
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by = 5 {vi(3b; + d;) + v;(3b; + dy)} (3.14)
Hence b; is a gradient vector.

Conversely, if (3.14) holds, then s;; = 0, which implies 59 = V(38 + §). Therefore, (3.3) is written as follows:
BY = —v,5(b'y’ — bIyh)

Which is Ap (3). Therefore, F™ is a Douglas space. Thus, we have

Theorem 3.1

2
A Finsler space with a special (a, $)-metric L = a — % is a Douglas space if and only if
a® # 0(mod B),b* # 1: by is written in the form (3.11).

o® = 0(mod B):n = 2 and byis written in the form (3.14), where o® = $8,8 = d;(X)y, v = vi(x)y'.
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